We demonstrate the modulation of silicon ring resonators at RF carrier frequencies higher than the resonance linewidth by coupling adjacent free-spectral-range (FSR) resonance modes. In this modulator scheme, the modulation frequency is matched to the FSR frequency. As an example, we demonstrate a 20 GHz modulation in a silicon ring with a resonance linewidth of only 11.7 GHz. We show theoretically that this modulator scheme has lower power consumption compared to a standard silicon ring modulator at high carrier frequencies. Here we modulate a silicon ring resonator at RF carrier frequencies higher than the resonance linewidth by using electrically induced coupling between adjacent freespectral-range (FSR) modes [6] [7] [8] . Compared with recent works that have shown broadband modulation of silicon resonators [9, 10] , the FSR coupling (FSRC) approach is an inherently narrow bandwidth [6] , and it is therefore applicable for analog systems. Although the FSRC phenomenon has been employed in various contexts and optical materials for modulation or frequency conversion purposes [6, 7, [11] [12] [13] , demonstrating this modulator using silicon photonics is critical for enabling high-frequency analog applications that can be readily integrated with CMOS electronics. Here we demonstrate a depletion-type silicon ring modulator [1] that efficiently induces such couplings. We further show that the power consumption of a silicon depletion-type FSRC modulator can be much lower than a standard depletion-type silicon ring modulator at high RF carrier frequencies.
Achieving simultaneous low-power and high-frequency operation of silicon resonator modulators [1] [2] [3] is challenging since the modulation frequency is limited by the resonance linewidth [4] . While compactness, low drive voltage, and low electrical power consumption make these resonators attractive, their limited operation frequency hinders their utilization in extremely highfrequency (30-300 GHz) microwave photonic applications such as high-speed analog communication and signal processing [5] .
Here we modulate a silicon ring resonator at RF carrier frequencies higher than the resonance linewidth by using electrically induced coupling between adjacent freespectral-range (FSR) modes [6] [7] [8] . Compared with recent works that have shown broadband modulation of silicon resonators [9, 10] , the FSR coupling (FSRC) approach is an inherently narrow bandwidth [6] , and it is therefore applicable for analog systems. Although the FSRC phenomenon has been employed in various contexts and optical materials for modulation or frequency conversion purposes [6, 7, [11] [12] [13] , demonstrating this modulator using silicon photonics is critical for enabling high-frequency analog applications that can be readily integrated with CMOS electronics. Here we demonstrate a depletion-type silicon ring modulator [1] that efficiently induces such couplings. We further show that the power consumption of a silicon depletion-type FSRC modulator can be much lower than a standard depletion-type silicon ring modulator at high RF carrier frequencies.
We induce the coupling by introducing a refractive index modulation that matches the frequencies and phases between adjacent resonance modes. The FSRC approach as reported in [6, 8, 13] utilizes the modulation sidebands generated at the adjacent ring resonances. Here we briefly review the operation of the FSRC modulators. In a standard ring modulator [right of Fig. 1(a) ], the generated sidebands are filtered by the resonance linewidth, and therefore they are not transmitted through the ring, thus leading to signal distortion [2] . For the FSRC modulator [left of Fig. 1(a) ], the FSR equals the modulation frequency (f M ), and the generated sidebands are transmitted through the ring; thus the signal is preserved. In order to transmit the sidebands, one needs to excite the spatial modes of the ring resonator at these sideband frequencies. This is achieved by inducing coupling between the resonance mode ω m at the laser frequency and the adjacent FSR modes ω m1 and ω m−1 at the sidebands. In order to induce efficient coupling, we use the method described in [6] [7] [8] to break the orthogonality between the adjacent FSR resonance modes by modulating only a portion of the ring (S < L, where S is the electrode segment length, and L is the ring circumference) as shown in Fig. 1(b) . By assuming the electrode is lumped such that the modulation at the electrode segment is uniform [14] , the coupling between two FSR modes with indices m and n can be obtained as where ω n m and E r;nm Ex; ye jnm2π z ∕L are the resonance angular frequency and the spatial electric field for the nmth FSR mode, ε is the dielectric constant, δεz; t is the dielectric constant modulation, x and y are the cross-sectional axes of the waveguide, and z axis is the direction along the perimeter of the ring. Figure 2 (a) shows jμ nm j calculated from Eq. (1) normalized to the maximum resonance frequency modulation (when S L). The coupling between the nearest adjacent resonances (jm − nj 1) is zero when S L, and it reaches maximum when S L∕2. Note that an alternative approach is to use traveling-wave electrodes and modulate the full ring [13] , which can provide higher modulation efficiency. However, the challenge in traveling wave electrodes with an integrated pn depletion-type [1] silicon diode is to optimize the RF impedance matching, the velocity matching between the optical and the RF wave, and the RF loss at high RFs [15] . The FSRC modulator is suitable for high RF carrier frequency and narrow-bandwidth analog applications. In Fig. 2 (b), we show numerical calculation of the modulation responses (normalized to the response at 1 GHz) for the FSRC modulator (FSR 26 GHz) and the standard modulator (FSR 750 GHz) with a different loaded quality factor (Q) when S L∕4. Here we calculate the transmission through a ring resonator taking into account of nine adjacent FSR (m, m 1, m 2, m 3, m 4) resonance modes using the dynamical equations derived from the coupled mode theory [16] . Note that nine modes are considered because the laser not only couples to the first nearest FSR modes (m 1), but also couples to the second (and higher) nearest FSR modes (m 2, m 3, …) through cascaded coupling. The couplings between these nine resonance modes are determined from Eq. (1). In Fig. 2(b) , we see that for Q 16; 000, the response for the standard modulator (black) has a sharp roll-off beyond the resonance linewidth, and the response for the FSRC modulator (red) remains relatively flat up to the FSR frequency. In contrast, when the Q is high ( 60; 000), the modulation response improves but only over a narrow bandwidth at f M ≈ FSR. This indicates that when Q is high, the desired case for lower power consumption, this modulator is inherently narrow-bandwidth, and signal distortion is expected when performing digital data modulation at data rates above the resonance linewidth.
We design and fabricate our silicon ring modulator with an FSR of 26 GHz and compare its performance to a standard ring modulator. The optical microscope image of the device is shown in Fig. 3(a) . The radius of the ring is 445 μm, and one quarter of the ring is covered with an electrode. In this quarter region, a p-n diode is also formed inside the silicon waveguide as shown in Fig. 3(b) to provide fast modulation speed in silicon [1] . We chose S L∕4 over L∕2 (higher coupling and modulation efficiency) to prove the concept of the FSRC modulator since this design not only has sufficient coupling [as shown in Figs. 2(a) and 2(b) ], but also provides higher electrical bandwidth (lower capacitance). The silicon ring has a cross-sectional dimension of 200 nm × 450 nm on top of a 50 nm silicon slab. This waveguide dimension supports a single transverse-electric (TE) mode. Note that, although the current modulator is no longer compact, its radius reduces at higher f M . For example, the radius of the FSRC modulator ≈114 μm at f M FSR 100 GHz, smaller than the size of regular Mach-Zehnder interferometer-based modulator, for example [17] . We also fabricate a standard ring modulator with a radius of 15 μm with a very large FSR of 750 GHz for comparison. The fabrication process is described in [18] (except no heaters are incorporated), and the doping level of the p-and the n-doped regions are 8 × 10 17 1∕cm 3 , and that of the p -and n -doped regions are 1 × 10 20 1∕cm 3 .
Our device exhibits an enhancement of the modulation response at 20 GHz larger than the resonance linewidth of 11.7 GHz (calculated from a Q of 16,000). Figure 4 shows the modulation response (normalized to the response at 1 GHz) for both the FSRC modulator (red) and the standard modulator (black). The experiment is performed by applying a small RF signal (−17 dBm) from one port of the network analyzer (NA) to the device pad. The output light is then collected and sent to a high-speed photodiode, which is connected to the other port of the NA, and the scattering matrix element S 21 is measured. In Fig. 4 , the two experimental response curves have similar traces at frequencies up to the resonance linewidth of 11.7 GHz [notice that both the FSRC and the standard modulator have the same Q of 16,000 as shown in the insets of Figs. 5(a) and 5(b)]. However, when f M > 11.7 GHz, the response of the standard modulator decreases, with a sharp roll-off as expected, whereas the response of the FSRC modulator increases with a local maximum at 20 GHz. One can see a significant improvement of 8 dB in the response of the FSRC modulator compared to the standard modulator at 27 GHz. Our data in 4 show steeper roll-offs when compared to the calculation in Fig. 2(b) . This is because our fabricated devices are limited by the RC bandwidth. The measured electrical resistance and capacitance for the FSRC (standard) modulator are 11 Ω (545 Ω) and 190 fF (17 fF), respectively, corresponding to an electrical bandwidth of 14 GHz (16 GHz) in a 50 Ω system. In Fig. 4 , we also plot the theory curves (solid) that include the RC effects. One can see good agreement between the experiments and the theory curves. The RC effect can be mitigated by further improving the fabrication and optimizing the device structure to lower the resistance and capacitance. We show that the modulation response enhancement is caused by the coupling between adjacent FSR modes by measuring the optical spectra of our devices under RF modulations. The measurements are done by applying a 5 dBm RF sinusoid signal from a signal generator to the device. The spectra for the FSRC and the standard modulator are shown in Figs. 5(a) and 5(b), respectively. In both figures, the broad peaks in the middle of the spectra are located at the laser wavelength biased on the slope of the resonance curve. The smaller peaks located on the left and the right sides of the broad peaks are the modulation sidebands. In Fig. 5(a) , for the FSRC modulator, the sidebands increase as f M increases, reaching local maxima at f M 20 GHz (orange) and at 25 GHz (red) on the right and the left side of the broad peak, respectively. For the standard modulator [ Fig. 5(b) ], the average power of the sidebands drops from −55.17 dBm to −73.15 dBm as f M increases from 10 to 30 GHz, whereas that of the FSRC modulator decreases less from −59.9 to −66.9 dBm. These results indicate that the sidebands of the FSRC modulator are coupled to the nearest neighboring modes at 1 FSR away from the laser wavelength.
For high-modulation frequencies, the FSRC modulator has lower power consumption compared to standard silicon ring modulators. This effect is shown in Fig. 6 , where we plot the theoretical power consumption for both the FSRC modulator (red and blue) and the standard silicon ring modulators (black) at different f M . For this theoretical analysis, the power consumption is calculated from the expression 1∕2f M C d V 2 d , where C d is the diode capacitance and V d is the voltage required to shift the resonance frequency by one resonance linewidth in each cycle of a sinusoid modulation (the laser is on resonance when no voltage is applied). The waveguide and doping geometry adopted for the simulations are shown in Fig. 3(b) . The voltage dependence of the carrier distribution and C d are calculated using SILVACO. These simulated carrier distributions are then imported into COMSOL to calculate the doping-induced loss and the resonance frequency shift to determine Q and V d , respectively. The standard silicon ring modulator in this analysis has a compact ring radius of 2.5 μm, a uniform modulation (S L), and a varying Q with the resonance linewidth corresponding to f M . The FSRC modulator in this analysis has a varying ring radius with an FSR that matches f M . In all cases, we include a 1 dB∕cm scattering loss to account for the fabrication imperfections of the ring [19] . For our proof-of-concept experiment shown in Figs. 3 and 4 , where S L∕4 and Q 16; 000, the power consumption is calculated as ≈600 mW. Note that this power can be significantly reduced by designing the modulator with higher Q and f M . In Fig. 6 , we see that when f M > 51 GHz, the S L∕2 FSRC modulator with a Q 80; 000 (C d ≈ 214 fF and V d ≈ 1.6 V) has lower power consumption than that of the standard modulator (C d ≈ 195 fF and V d ≈ 2.3 V). This is true because in standard ring modulator designs, one needs to lower the Q significantly to accommodate higher f M and because, at higher frequencies, the FSR f M condition is satisfied with smaller rings and hence smaller C d . Thus the amount of carriers injected and extracted from the depletion region D [see Fig. 3(b) ] is reduced. Moreover, as shown in Fig. 6 , the modulator with larger electrode (S L∕2) consumes less power: ≈14 mW (Q 80; 000) versus ≈40.5 mW (Q 80; 000) for S L∕4 electrode because the modulation efficiency increases as the electrode covers a larger portion of the ring. However, when S is large (e.g., S ≥ L∕2) such that the electrode length is comparable to the RF wavelength, the lumped element analysis in Eq. (1) is no longer valid. One possible solution is to further discretize the electrode into smaller segments.
In summary, we have shown high RF carrier frequency modulation of a silicon ring resonator using the coupling between neighboring FSR resonances. The power consumption of FSRC modulators is low at higher f M because the size of the resonator scales inversely with increasing f M , and the quality factor can be maintained high (to further decrease the power consumption). This modulator architecture is suitable for high-frequency analog applications using existing CMOS technology. One important parameter for an analog modulator is its linearity and dynamic range. Our preliminary analysis shows that the linearity for the FSRC modulator is similar to that of the standard ring modulator when the signal bandwidth is narrower than the resonance linewidth. When compared to LiNbO 3 [6] and polymer [13] modulators, although silicon ring modulators have lower optical Q and weaker electro-optic effect, they are generally smaller in size because of the higher refractive index resulting in a shorter electrode length. This also leads to lower RF loss and better tolerance of the velocity mismatch for silicon ring modulators with traveling-wave electrodes.
